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Abstract
In this paper, we establish some boundedness conditions for the multidimensional
Hausdorﬀ operator on the homogeneous Hardy-Morrey and on the Besov-Morrey
space, and we extend some results in the recent papers by Jia and Wang, and by
Mazzucato, respectively. The main tool we implement in the study is the
decomposition of the given function spaces in terms of atoms (smooth atoms for
Besov-Morrey space) concentrated on dyadic cubes. The atomic decomposition of
the classical Hardy space and Besov space is our study model, however, our case is a
quite diﬀerent one. Particularly, we will combine the Calderón reproducing formula
with the atomic decomposition when we establish the boundedness of the
Hausdorﬀ operator on the Besov-Morrey space.
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1 Introduction
The one dimensional Hausdorﬀ operator, for a ﬁxed locally integrable function  on










This operator has a long history in the study of mathematical analysis aiming to solve
classical problems (see [–]).
Themultidimensional Hausdorﬀ operator on the Euclidean spaceRn, whichwas studied










Here, in (.) and in the sequel, we ﬁx  ∈ Lloc(Rn) and assume that A = A(y) = (aij)ni,j= =
(aij(y))ni,j= is an n × n nonsingular matrix almost everywhere in the support of . The
entries aij(y) of the matrix A are measurable functions of y.
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to be the operator -norm of the operator in an n dimensional linear space deﬁned by the
matrix A in the corresponding canonical basis (see []).
The boundedness of h(f ) as well as its high dimensional extensions in various function
spaces, mainly on Lebesgue and Hardy spaces, has been studied by many authors, for ex-
ample, [–] and [] are among many others. The aim of this paper is to establish some
boundedness conditions for the multidimensional Hausdorﬀ operator on the homoge-
neous Hardy-Morrey space and the Besov-Morrey space, since these spaces are ‘upgrade
version’ of the Lebesgue space and the Hardy space and they play signiﬁcant roles in the
theory of harmonic analysis and partial diﬀerential equations (see [–] and []).
The Hardy-Morrey space HMpq (q ≤ ), as a generalization of the classical Morrey
spaces Mpq (q > ) and Hardy spaces Hp (p ≤ ), was introduced by Jia and Wang [].
Among many features of HMpq , particularly Jia andWang establish the decomposition of
HMpq in terms of atoms concentrated on dyadic cubes, which have the same cancelation
properties as the atoms in the classical Hardy space. Another space, one that we are also
interested in, is the Besov-Morrey space N spqr for  ≤ q ≤ p < ∞,  ≤ r ≤ ∞ and s ∈ R.
This space was originally introduced by Kozono and Yamazaki [] in order to investigate
time-local solutions of the Navier-Stokes equations with the initial data in Besov-Morrey
spaces. Later, Mazzucato [] studied the atomic andmolecular decompositions on Besov-
Morrey spaces. Sawano and Tanaka [] further developed a theory of decompositions in
Besov-Morrey spaces N spqr and Triebel-Lizorkin-Morrey spaces E spqr with  < q ≤ p < ∞,
 < r ≤ ∞, s ∈ R. The homogeneous Besov-Morrey space N spqr is a function space whose
norm is obtained by replacing the Lp-norm in the deﬁnition of the Besov space with the
Mpq-norm. Any function in the Besov-Morrey space has a decomposition in terms of
atoms supported ondyadic cubes. These atomshave the same smoothness and cancelation
properties as those of the classical Besov spaces []. Thus, in our study, we will invoke the
atomic decomposition characterization for both Hardy-Morrey space and Besov-Morrey
space. Besides the atomic decomposition, the Calderón reproducing formula is another
useful tool when we treat the boundedness of H,A(f ) on the Besov-Morrey space.
The following deﬁnitions and previously obtained results (Theorem A and Theorem B)
about the function spaces we consider are crucial in our study.





n) = {f ∈ Lqloc
(
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where B(x,R) is the closed ball of Rn with center x and radius R.
We note that theMorrey space describes local regularity more precisely than Lp and can
be seen as a complement to Lp-spaces. In fact one easily checks Lp =Mpp and Lp ⊂Mpq , if
≤ q≤ p <∞. Jia and Wang in [] give the deﬁnition of Hardy-Morrey space as follows.
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n) = {f ∈ S′/P : ‖f ‖HMpq(Rn) =
∥∥∥sup
s>






where φs(x) = s–nφ(s–x), s >  for φ ∈ S(Rn) with
∫
φ dx = , and P is the set of all polyno-
mials in n variables. From the above deﬁnition, we note that:
(i) HMpq =Mpq for  < q≤ p <∞,
(ii) Hp =HMpp ⊂HMpq for q≤ p <∞, and in particular, HM =H.
As stated in [], the Hardy-Morrey space HMpq (q ≤ ) generalizes the Hardy space
Hq (q ≤ ). Fixing q =  in (.), we see that the space HMp (Rn) for  ≤ p < ∞ is a gen-
eralization of the Hardy space H. Therefore, we may adapt the atomic decomposition
method used in [] and [] for treating the Hardy space to study the newly introduced
Hardy-Morrey space HMp ( ≤ p < ∞) to deal with the boundedness of the Hausdorﬀ
operator (.). However, we must modify the main step since the decompositions of H
and HMp are essentially diﬀerent when p >  (see the following deﬁnition). We also note
that HMp (≤ p <∞) is a Banach space with the norm in (.).
Deﬁnition . Let j ∈ Z and k ∈ Zn. The set
Q =Qjk =
{
x ∈Rn : –jki ≤ xi ≤ –j(ki + ), i = , , . . . ,n
}
is called a dyadic cube, with sides parallel to the coordinate axes. For ﬁxed j, the collection
{Qjk : k ∈ Zn} tiles the whole space and the cubes are pairwise disjoint. Each cube Q =Qjk
is uniquely identiﬁed by its length (Q) = –j and a preferred corner xQ = –jk.
We remark that, for a dyadic cube J and q = , (.) can also be written as
‖f ‖Mp ≈ supJ :dyadic |J|
/p–‖f ‖L(J). (.)
This equivalent norm ofMp will play a pivotal role in our study.
Deﬁnition . For a dyadic cube Q, a function aQ is called a (p, )L-atom of HMp ( ≤
p <∞), L ∈N∪{}, if the following support, boundedness, and cancelation conditions are
satisﬁed:
(i) suppaQ ⊂ Q;




xαaQ(x)dx = , |α| ≤ L,
where L ≥ [n( – /p)], [x] is the Gauss function, Q is a cube concentric with Q of side
length (Q) and |Q| stands for the volume of Q.
The next theorem is directly adapted from [] when q = , and is important in the proof
for one of the main theorems (Theorem .). In Theorem A and in the sequel, we make
use of (.) to get the norm of the sequence of complex numbers s = {sQ :Q dyadic}.
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Theorem A ([]) For  ≤ p < ∞, let {aQ : Q dyadic} be a collection of (p, )L-atoms and













converges in S′/P, where f ∈ HMp satisfying ‖f ‖HMp ≤ C‖s‖p, for some constant C =
C(n,p).
Conversely, every function f ∈ HMp has the atomic decomposition (.) in S′/P with
‖s‖p, ≤ C‖f ‖HMp for some C = C(n,p).
The other important function space in harmonic analysis is the Besov-Morrey space,
which has many applications in the study of nonlinear partial diﬀerential equations, for
example see in [–], and [].
Again, our interest here is to study the boundedness of n dimensional Hausdorﬀ op-
erators on the homogeneous Besov-Morrey space. To this end, as we mentioned before,
we need to use the smooth atomic decomposition of N spqr , and this will be implemented
in the Fourier transform side and by using the results in [] and [] for classical Besov
spaces. Let S be the Schwartz space on Rn. For ϕ ∈ S(Rn), as in [], its Fourier transform
is denoted by ϕˆ and its inverse Fourier transform is denoted by ϕˇ. Take ϕ ∈ S(Rn) with




, |x| ≤ ,
, |x| ≥ ,
smooth, elswhere.
Now deﬁne ϕ(x) = ϕ(x) – ϕ(x) and set ϕj(x) = ϕ(–jx) for all j ∈ Z. Then {ϕj, j ∈ Z}
is a homogeneous smooth dyadic resolution of unity in Rn, namely
∑
j∈Z ϕj(x) =  for all
x ∈ Rn. Moreover, let ψj = ϕˇj. Thus, with independence of the choice of ψj, we give the
Fourier analytic deﬁnition ofN spqr as follows.
Deﬁnition . Let s ∈ R,  ≤ q ≤ p < ∞, and  ≤ r ≤ ∞. We say that f ∈ S′/P belongs to
the spaceN spqr(Rn) if
‖f ‖N spqr(Rn) =
{{∑j∈Z(js‖ψj ∗ f ‖Mpq )r}/r <∞, ≤ r <∞,
supj∈Z js‖ψj ∗ f ‖Mpq <∞, r =∞.
(.)
One can see that in [] N spqr is a Banach space under the norm (.). This space gener-
alizes the classical homogeneous Besov space. In particular,N sppr = B˙spr .
The atomic decomposition of K-times continuously diﬀerentiable functions in this
space can be obtained in [].
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Deﬁnition . Let s ∈R; K , L+  ∈N =N∪ {}. A function aQ is called an (s,p)K ,L-atom
if the following support, smoothness, and cancelation conditions are satisﬁed for some
dyadic cube Q:
(i) suppaQ ⊂ Q;










xαaQ(x)dx = , |α| ≤ L,
where K ≥ ([s] + ) and L≥ max{[–s + n/p], –}.
Deﬁnition . [] Let  ≤ q ≤ p < ∞ and  ≤ r ≤ ∞. Then npqr(Rn) is the collection of






























where χ˜Q = |Q|–/pχQ is an Lp-normalized characteristic function of the cube Q.






in S′/P, where aQ is a collection of (s,p)K ,L-atoms.Moreover, the sequence of complex num-
bers s = {sQ} satisﬁes ‖s‖npqr ≤ C‖f ‖N spqr for some C = C(n,p,q, r).
The proof of this theorem is obtained in [].
To obtain the reverse direction of the second part of Theorem B we need the molecu-
lar decomposition characterization of the space N spqr(Rn), which is less important in this
paper. The analogous deﬁnition of (s,p)K ,L,M-molecule forM > , can be found in [] and
[].
In this paper, we use the notation A B to mean that there is a positive constant C (may
vary at each appearance) independent of all essential variables such that A≤ CB. We also
use the notation A  B to mean that there are positive constants C and c independent
of all essential variables such that cB≤ A≤ CB.
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2 Main results
Now we are in a position to state our main results. The proof will be given in Section .
Theorem . For any  ≤ p < ∞, the Hausdorﬀ operator (.) is bounded on the Hardy-
Morrey space HMp , i.e.








For n =  we state the following boundedness result as a corollary to the above theorem.










is bounded on the Hardy-Morrey space HMp . Precisely we have






Theorem. For s ∈R, ≤ q≤ p <∞ and ≤ r ≤ ∞, theHausdorﬀ operatorH,A(f )(x) =∫
Rn
(y)
|y|n f (A(y)x)dy is bounded on the Besov-Morrey spaceN spqr(Rn), i.e.









3 Proofs of main results
Proof of Theorem . We prove this theorem using the atomic characterization of the







‖f ‖HMp  ‖s‖p,
in which each aQ is a (p, )L-atom as in Deﬁnition ., and the sequence of complex num-
bers s = {sQ} satisﬁes (.). Thus, by (.) and the Minkowski integral inequality, we have











































































In the above formula, we note
aQy (·) =
∥∥A–(y)∥∥n/p–n∣∣detA–(y)∣∣–/paQ(A(y)·).
Therefore, to complete the proof of the theorem, it remains to show that
∥∥aQy (·)∥∥HMp (Rn)  
uniformly for all atoms aQ and y ∈ Rn. To this end, it suﬃces to show that aQy (x) is a





–jki, –j(ki + )
]




–j(ki – ), –j(ki + )
]
.
Without loss of generality, assume that aQ(A(y)x) = , so that there exists u ∈ Q such
that u = A(y)x ∈ Q. Thus
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where A–Q = A–(y)Q is a parallelepiped with vertices that are images of the vertices of
the cube Q after left multiplying by the matrix A–. We now enlarge the domain A–Q to
QA– , where QA– is the least circumscribed cube that contains A–Q (see [, ]). Thus it
follows that (A–Q)⊂ QA– .
Since aQy (x) = aQ(A(y)x) up to a constant independent of y, we have
suppaQy ⊂ QA– ,
and from the side length relations of QA– and Q, we easily obtain
|QA– | 
∥∥A–∥∥n|Q|.
Obviously, aQy satisﬁes the cancelation condition (.)(iii). Finally, we show the size con-
















Thus, we conclude that aQy is a (p, )L-atom and hence prove the theorem. 
The proof of Corollary . coincides with the proof of the main theorem when n = .
Next, we continue by investigating the boundedness ofH,A on the Besov-Morrey space.
Proof of Theorem . We prove this theorem by combining the Calderón’s reproducing
formula with some construction on a dyadic cube Qjk and the smooth atomic decompo-
sition of the Besov-Morrey space.
First, we make a construction on aQ and sQ with respect to the dyadic cube Q based on
the corresponding Besov spaces as in [] and [].
Let {ψj, j ∈ Z} ⊂ S(Rn) be a smooth dyadic resolution of unity as described in Section ,
and pick a smooth, radial function θ ∈ S(Rn) satisfying:
(i) supp θ ⊂ {x ∈Rn : |x| ≤ },




xαθ (x)dx =  for all |α| ≤ L,
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θj ∗ ψj ∗ f .





















(ψj ∗ f )(y)dy.
For Q =Qjk , deﬁne
sQ = C|Q|/p–s/n sup
y∈Q







θj(x – y)(ψj ∗ f )(y)dy (sQ = ). (.)
Now, using Deﬁnition . with the assumption thatQ is contained in J , and the proof used















≤ C‖f ‖N spqr(Rn),
for some constant C independent of f .
aQ in (.) satisﬁes the smoothness condition (ii) of (.), and depending on the require-
ments of θ it also satisﬁes condition (i) and (iii) of (.). Therefore aQ is an (s,p)K ,L-atom.
























∥∥ψj ∗ (H,Af )∥∥Mpq
)r}/r


















































A(y)·) = ∥∥A(y)∥∥n(/p–/q)–s∣∣detA–(y)∣∣–/qf (A(y)·).












aQy (·) = β(y)
∥∥A(y)∥∥n(/p–/q)–s∣∣detA–(y)∣∣–/qaQ(A(y)·). (.)
In the same way as in the proof of Theorem ., for any atom aQ and ﬁxed y ∈Rn, we need
to show that the function aQy is an (s,p)K ,L-atom satisfying Deﬁnition ..
Together with the cancelation condition of θ , it is straightforward to verify that aQy given
in (.) satisﬁes the cancelation condition for every y ∈ Rn. Based on the construction of
aQ over Q in (.) and the requirement of the support condition of θ , we see that aQ is
supported in Q. Since aQy (x) in (.) is a constant multiple of aQ(A(y)x), then without
loss of generality, we may use a similar discussion made in the proof of Theorem . for
the support condition. Thus we conclude that
suppaQy ⊂ QA– ,
where aQy is the one in (.) and QA– is the smallest circumscribed cube as discussed in
Theorem ..














∣∣∂α(jnθ(j(A(y)x – y)))∣∣∣∣(ψj ∗ f )(y)∣∣dy
)


















Thus, aQy (x) is an (s,p)K ,L-atom.
Therefore, we complete the proof of the theorem. 
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